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Let G be a semisimple and simply connected algebraic group over an
algebraically closed field k of characteristic p ) 0. Once a Borel subgroup
B : G is fixed, a proper homogeneous G-space X can be identified with
GrH, where H = B denotes the stabilizer group scheme of a B-fixed point
in X. Let H, K, L be subgroup schemes containing B such that H,
K : L. In this paper we give necessary and sufficient conditions for the
fibre product
GrH = GrKG r L
to be a homogeneous space. Fibre products of homogeneous G-spaces are
naturally G-schemes. If G is almost simple and H, K, and L are
 .reduced parabolic subgroups, then the fibre product is homogeneous only
when H s L or K s L. By taking nonreduced subgroup schemes into
consideration many more fibre products turn out to be homogeneous. It is
easy to see that if GrH ª GrL is a finite morphism, then the fibre
product is Cohen]Macaulay. This fact and computations with T-equi-
variant open affine cells give a quite explicit description of when fibre
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use our result to prove that a proper homogeneous space GrH is Frobe-
w xnius split 7 if and only if H s G H , where G denotes the nthn red n
 w xFrobenius kernel of G in 5 this is proved for p bigger than the Coxeter
.number of G using combinatorics of Dynkin diagrams . In the terminology
w x w xof 1 and 4 , a proper homogeneous space GrH is called a variety of
 .  .unseparated flags vuf if it is not isomorphic as an algebraic variety to a
flag variety. Our result implies that GrH is a vuf if and only if H is not a
uniform infinitesimal thickening of H in G.red
 .The simplest examples of vufs are the hypersurfaces X m given by then
p m p m n n w xequation x y q ??? qx y in P = P , where m ) 0 3, V.1.4.3 and0 0 n n
w x.6, Section 1 . Proving that a variety is not Frobenius split is usually done
by showing that the inverse canonical line bundle has no sections. The
 . minverse canonical line bundle on X m has sections if and only if p F n.n
 .The simplest version of our result says for m ) 0 that if X m isn
 . mFrobenius split, then X m q 1 is Frobenius split. However, when p ) n,n
 .  .X m cannot be Frobenius split, so that X m is not Frobenius split forn n
 . w x m ) 0. In the case m s 0, X m is Frobenius split 7 in this case it isn
.SL modulo a suitable parabolic subgroup .nq1
1. PRELIMINARIES
Let k be an algebraically closed field of prime characteristic p. We will
 . only consider schemes and morphisms over k. Let X A s Mor Spec A,k
.X denote the set of A-points of X, where A is a k-algebra. Let G be a
simply connected and semisimple algebraic group. We will assume that
p ) 3 if G has a component of type G and p ) 2 if G has a component2
of type B , C , or F .n n 4
1.1. G-Spaces
A G-space is an algebraic scheme X endowed with a morphism G = X
 .  .ª X inducing an action of G A on X A for all k-algebras A. A
G-space X is called homogeneous if X is an algebraic variety and the
 .  .  . w xaction G k = X k ª X k on k-points is transitive 2, III.10.7 . A k-point
 .x g X k gives a natural morphism G ª X. The fibre product G s G =x X
 .Spec k is easily seen to be a closed subgroup scheme of G. It is called the
stabilizer group scheme of x.
1.2. The Frobenius Subco¨er
Let F denote the absolute Frobenius morphism. An algebraic scheme
 . n.s : X ª Spec k gives rise to the algebraic scheme X and the relative
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Frobenius morphism F n: X ª X n. by the base changeX
F n
6




nF 6 .  .Spec k Spec k
Notice that X n. has the same underlying point space as X, but the
np’k-multiplication is twisted via the ring homomorphism a ¬ a . If X is
reduced, O n. can be identified with the k-subalgebra of pnth powers ofX
regular functions on X. We call X n. the nth Frobenius subcover of X.
Recall that X is said to be defined over Zrp if there exists a Zrp-scheme
 .X 9, such that X ( X 9 = Spec k . If X is defined over Zrp, thenSpecZ r p.
n. X is isomorphic to X the isomorphism is given locally by f m a ¬ f m
p n .a , where a g k .
1.3. The Frobenius Kernel and Homogeneous Gn.-Spaces
Now Gn. is an algebraic group of the same type as G and F n: G ª Gn.G
is a homomorphism of algebraic groups. The kernel of F n is called the nthG
Frobenius kernel of G and denoted G . Let X be a homogeneousn
G-space and x be a closed point of X. If G : G , then X is a homoge-n x
neous GrG ( Gn.-space with stabilizer group scheme Gn..n x
2. ON THE STRUCTURE OF VUFS
 .Fix a projective homogeneous G-space X and let x g G k . By Borel's
Äfixed point theorem the stabilizer group scheme P s G contains a Borelx
Ä Äsubgroup B. We will identify X with GrP. Let P s P . Notice that P isred
a parabolic subgroup of G, since the reduced part of a subgroup scheme
over a perfect field is a subgroup. Let T be a maximal torus in B and let
 . yR s R T , G be the root system of G wrt T. Let the negative roots R be
the roots of B and denote by S : Rq the simple roots. Let x : G ª Ga a
denote the root homomorphism corresponding to the root a g R. The
 .  .root subgroup U : G is x G . When a g S we let P a denote thea a a
maximal parabolic subgroup not containing U . Any parabolic subgroupa
P = B in G is an intersection of maximal parabolic subgroups.
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2.1. Parabolic Subgroup Schemes
Keeping the assumption on p and using the notation above, we can now
state the following:
 .  .THEOREM 1. Suppose that P s P a l ??? l P a for simple roots1 r
a , . . . , a g S. Then there are unique integers n , . . . , n such that1 r 1 r
ÄP s G P a l ??? l G P a . .  .n 1 n r1 r
w xProof. See 6, 3.1 .
Ä Ä Ä Äm. .  < 4  .Let m P s max n g N G P : P . If m P s m ) 0, then Q s PG 0 n
is a parabolic subgroup scheme of Gm. such that
 .  .m mm. m.Q s G P a l ??? l G P a .  .n ym 1 n ym r1 r
 .and m Q s 0.
 . .  .We let U s x G , with the p-adic convention that G s Ga , n a a n a ` a
w  . xand G s 0 . Now if H is a connected subgroup scheme of G, thena 0
 4 H l U s U for some n g Z j ` and to H we associate followinga a , n
w x. q  4Wenzel 8 a W-function f : R ª Z j ` given byH
f a s n , if H l U s U . .H a a , n
If b g R is a root we let Supp b denote the simple roots occurring with
nonzero coefficients when b is expressed in the basis S. We have the
following:
Ä  .  .PROPOSITION 1. Let P s G P a l ??? l G P a be a parabolic sub-n 1 n r1 r
 .  .group scheme and let f s f . Then f a s n , . . . , f a s n and if a g SÄP 1 1 r r
 4  ._ a , . . . , a , then f a s `. The function f is uniquely determined by its1 r
¨alues on S in the sense that for b g Rq we ha¨e
<f b s min f a a g Supp b . 4 .  .
w xProof. See 1, Theorem 1.6 .
2.2. Homogeneous Gm.-Spaces
ÄLet P be a parabolic subgroup scheme of G with W-function f. Suppose
Ä .that m s m P . Then there is a G-equivariant diagram
6 ÄG GrP
6
m. m.6G G rQ
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Äm. m.  .where Q s P : G and m Q s 0. Notice that the stabilizer of
Ä n. .GrP , viewed as homogeneous space through the group homomor-
phism G ª Gn., has W-function f q n.
w x2.3. The Big Cell 1, Theorem 3.1
Ä ÄSuppose that P has W-function f and that P s P . We let b , . . . , bred 1 q
 . 0denote the positive roots of the opposite unipotent radical U of P andP
 .  .  .let n s f b , . . . , n s f b these are all finite . There are T-eigen-1 1 q q
functions X , . . . , X on U 0 and a T-equivariant isomorphism1 q P
n n1 q0 0 p pÄU rU l P ( Spec k X , . . . , X .P P 1 q
3. FIBRE PRODUCTS
We have now the notation to state and prove our main theorem
THEOREM 2. Let H, K : L be parabolic subgroup schemes with W-func-
tions f , f , and f , respecti¨ ely. Then the fibre productH K L
X s GrH = GrKG r L
 .is a homogeneous space if and only if f s max f , f . In this caseL H K
 .X ( GrH l K and f s min f , f .H l K H K
Proof. We start by reducing to the case where G is almost simple. This
is done by writing out the fibre product with respect to the components of
G and noticing that the W-functions of H, K, and L are given uniquely by
their W-functions on the components.
 .  .Now it is easy to see that if H, K n L, then the action of G k on X k
can only be transitive when the reduced parts of H, K, and L are the
same. Let b , . . . , b denote the roots of the opposite unipotent radical of1 q
 .  .the common reduced part of H, K, and L. The action of G k on X k is
transitive and X is irreducible, so that X is homogeneous if and only ifred
it is reduced. As GrH ª GrL is a finite and flat morphism, X ª GrK
becomes finite and flat and since GrK is smooth, it follows that X is
Cohen]Macaulay since Cohen]Macaulayness is preserved under finite
.free ring extensions . We need one fact from commutative rings: If A is a
Cohen]Macaulay ring, such that A is an integral domain, and if A isred
generically reduced, then A is reduced. By assumption the radical is a
 .  .prime ideal P and by Cohen]Macaulayness P s z A , where z A de-
 .notes the zero divisors in A. Now choose f outside z A , such that A isf
n  .reduced. Then P s 0 so that f P s 0 for some n ) 0. Since f f z A ,f
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this implies P s 0. This has the very useful consequence that reducedness
of X can be checked generically. By Section 2.3 we get that there is a
 .T-equivariant open affine subset U s Spec A of X with
m m n n1 q 1 qp p p plp l p qA ( k X , . . . , X m k X , . . . , X ,11 q kw X , . . . , X x 1 qq q
 .  .  .where m s f b , n s f b , and l s f b . By reducing to the q s 1i H i i K i i L i
case it follows that U is reduced if and only if l s m or l s n for all i.i i i i
 .This translates into the claim f s max f , f . It is now easy to see thatL H K
 . the stabilizer of eH, eK in X is H l K, which has W-function min f ,H
.f .K
4. FROBENIUS SPLITTING AND VUFS
Let f : X ª Y be a morphism between schemes X and Y. We say that f
is split if O ª f O is a split homomorphism of O -modules. Recall thatY * X Y
w xa scheme is called Frobenius split 7 if the relative Frobenius morphism
on X is split. We have the following easy but useful lemmas.




is split. Then g : Y ª Z is split.
LEMMA 2. Let f : X ª Z be a split morphism and g : Y ª Z be a
morphism. Then the pull-back f 9 of f ,
6





is a split morphism.
Splitting can often be checked using the following:
PROPOSITION 2. Let X and Y be projecti¨ e smooth ¨arieties of the same
dimension and f : X ª Y be a finite morphism. Then there is a natural
isomorphism
Hom f#O , O ª H 0 X , v m f *vy1 , .  .X Y X y
where v and v denote the canonical line bundles on X and Y, respecti¨ ely.X Y
w xProof. This is duality for f using 2, Exercises III.6.10 and III.7.2. .
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We can now state and proof our main application
THEOREM 3. Suppose that the root system R of G is irreducible G is
Ä.almost simple and let P be a parabolic subgroup scheme with W-function f
Äand reduced part P. Then GrP is Frobenius split if and only if f is constant on
0 Äthe roots of the opposite unipotent radical U of P. In particular GrP is a ¨ufP
Ä Äif and only if P / G P for all n G 0.n red
ÄProof. Assume that GrP is Frobenius split. By Section 2.2 we may
Ä Ä .  .assume that m P s 0. Now let P n denote the parabolic subgroup
scheme with W-function
0, if f b s 0, .
f b s .n  f b q n , if f b ) 0. .  .
Ä Ä Ä .  .Notice that P s P 0 ; P 1 ; ??? . The Frobenius splitting implies that
Ä ÄGrP ª GrG P n .n
is a split map for n ) 0. In particular we get for large n satisfying
Ä .P : G P by Lemma 1 thatn
ÄGrG P ª GrG P n .n n
 .is a split map. Let P n denote the parabolic subgroup scheme with
W-function
0, if f b s 0, .
g b s .n  n , if f b ) 0. .
Applying Theorem 2 we get that
6
GrP N GrG P . n
6 6
6Ä ÄGrP n GrG P n .  .n
Ä .  .is a pull-back diagram so that GrP n ª GrP n is split by Lemma 2.
Ä .  .  .Since P n : P n y 1 it follows for large n again by Lemma 1 that
Ä Ä .  .GrP n y 1 ª GrP n is split. So we have a chain of split morphisms
Ä Ä ÄGrP n ª GrP n q 1 ª GrP n q 2 ª ??? .  .  .
for n large. We prove now that this is impossible unless f is constant on
0 Ä .the roots of U . The inverse canonical line bundle on GrP n is inducedP
w xby the character 5
yv s p f n b .bÄ 
qbgR
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Ä .on P n and for m - n, the inverse canonical line bundle pulls back under
Ä Ä .  .the canonical morphism GrP m ª GrP n to the line bundle induced
Ä .by the character yv on P m .Ä
For an ordering a , . . . , a of the simple roots S, we define the d-matrix1 l
w x  k:D 5, Definition 4.1 by D s u , a , wherei j i j
u s a .i
qw xag a , . . . , ai l
 .a gSupp ai
The D-matrix facilitates the computation of yv in the basis of theÄ
dominant weights: Suppose that the simple roots are ordered increasingly
according to the value of the W-function f . Then, with the conventionn
p` s 0,
yv s p f a1.u q ??? qp f a l .uÄ 1 l
 .and the coordinates in the dominant weight basis of yv can be gottenÄ
by multiplying the rows of the d-matrix by p f a1., . . . , p f a l ., respectively,
and then summing up the columns. Notice also that the sum of any column
in a d-matrix is 2. This implies that D s 0 for i - j. Also d F 0 if i ) j.i j i j
w xIf R is an irreducible root system one can prove 5, Proposition 4.3 that
for i ) 1 there exists j, 1 F j - i, such that D - 0.i j
0 Ä  ..Assume that f is not constant on the roots of U . Since m P n s 0,P
 .  .there is an index i, such that 0 s f a - f a - `. Now we can findn i n iq1
an index j - i q 1, so that D - 0. For the jth coordinate l of yvÄiq1, j j
we get
l F D q D p f na iq1.j j j iq1, j
F D y p f na iq1. .j j
so for n 4 0, we can make l as negative as we want. This has thej
consequence that by Proposition 2, there are no nonzero homomorphisms
O ª g#O ,Ä ÄG r P nqN . G r P n.
Ä Ä .  .where g is the canonical morphism GrP n ª GrP n q N and n,
N 4 0. In particular we get that g cannot be split when f is nonconstant.
ÄIn conclusion we get that GrP is not Frobenius split unless f is constant
0 on the roots of U in this case it is a Frobenius subcover of a flag varietyP
w x.and thereby Frobenius split by Section 1.2 and 7 .
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